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Abstract

Buildup of internal self-stressesn hyperstatic adaptive structures resistsactuation.
A recert paper by Guest and Hutchinson shows that periodic in nite truss structures
cannot be both statically and kinematically determinate structures; therefore, a rigid
in nite lattice bar framework must be hyperstatic. This paper shows that it is possi-
ble to design adaptive periodic in nite truss structures that can achieve any state of
uniform strain without energy cost by actuating only a subsetof the bars in a coordi-
nated fashion. We show that actuation of only 3 bars in two dimensionsor 6 bars in
three dimensionsper unit cell is required. A mathematical apparatus is developed and
an example of such a bitriangular lattice structure is given, along with accomparying

illustrations. Supporting animations can be found at the authors' website.
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1 Intro duction

The medanical performanceof pin-jointed bar frameworks, referredto simply astrussesin
this paper, is a useful guide to the performanceof the sameframework but with welded
joints (Pellegrinoand Calladine, 1986). Materials with lattice-lik e structures nd numerious
applications due to their excellen medanical properties, and can be e®ectiely modeled
asin nite periodic trusses. New advancesin manufacturing techniqueshave enabledengi-
neersto create lattice materials with lattice parameterson the order of 0:5mm; also, truss
structures with strut diametersof only 50t m have been manufactured [see(Deshpandeet
al., 2001) and referencegherein]. One novel application of sudh materials is in adaptive
structures, where certain bars act as actuators and are usedto preciselycortrol the global
shape of the structure (Hutchinson et al., 2002).

In nite bar frameworks o®ermany open mathematical questions. Much is known about
the rigidity of nite bar frameworks in Euclidean space,particularly in the plane. In nite
systemsare dizcult to deal with mathematically, but are relevant to the study of large
lattice truss structures, and therefore desenre special attention. We beliewe that repetitive
bar frameworks on a °at torus (i.e., with periodic boundary conditions), in a suitably-de ned
limit of anin nite torus, can be usedasa basisfor simpli ed but rigorous models of lattice
materials. In this work we study actuation in sud periodic frameworks.

In a recen paper, Guest and Hutchinson (2002) discussthe prospect of designingan
in nite lattice truss structure that is both statically and kinematically determinate. In the
aformertioned paper, the authors concludethat it is impossibleto designsud a structure
basedon somecourting argumerts. We will revisit this problem from a di®eren mathemati-
cal perspective to further illucidate this important fact. The importance of this investigation
comesfrom the fact that statically and kinematically determinate structures, called (gener-
ically) isostatic structures in this report, can be usedas\ideal" adaptive structures, since
the length of any bar can be changed(actuated) independerily of other bars. By combining
actuation in a number of strategically placed bars, one can achieve useful deformations of
the global structure, while still preservingmedanical stability (i.e., rigidity or sti®ness).See
Hutchinson et al. (2002) for details.



The negative result of the above paper should not, howewer, be taken as an indication
that it isimpossibleto designa lattice truss that can be usedto build \ideal" large adaptive
structures. Indeed, in this paper we proposea method to designin nite lattice (i.e., periodic
or repetitiv e) truss (i.e., pin-jointed bar framework) structuresin which any global deforma-
tion can be achieved without energycostby repetitiv ely (periodically) actuating d(d + 1) =2
(3 in two, or 6 in three dimensions)bars per unit cell. By a global deformation, we meana
state of uniform strain, which is modelled as a deformation of the underlying lattice vectors
of the repetitiv e structure.

The full derivation of this relatively simple theoretical result is given here. Someof the
mathematical apparatus is preseried in higher generality than neededin order to enable
extensionsin the future, and alsoto point to someresults interesting from a mathematical
perspective along the way. Someof theseare not neededin order to understandthis report
and can simply be skipped (sections2.1.1,5 and 5.1).

Our expectation is that the basicidea of using periodic actuation of d(d + 1) =2 per unit
cell can be usedto designreal adaptive lattice trusses. Sud adaptive structures would be
able to adhieve any global deformation in which the strain gradiert is small (that is, the
strain doesnot changeappreciablyover the lengthscaleof a unit cell) with very small energy
cost (internal resistance).

Further discussionand animations of all the gures given in this paper can be found at

our website (Donev, 2002).

2 Mechanical Equilibrium

Consideralarged-dimensionalpin-jointed bar framework in Euclideanspace(and unspeci ed
boundaries) which has a repetitiv e structure, i.e., it is created by periodically repeating a

basic building block. We model such a framework as an idealizedin nite periodic network

the positions of the N joints (nodes)within a unit cell with r, with nodei beingat r;. Let
the number of bars per unit cell be M and the lattice vectorsbe columnsin a d-by-d lattice

matrix ©. The choice of unit cell and lattice vectorsis not unique; howeer, there is a



primitiv e unit cell with N, nodesand M, arcsper unit cell and lattice @ , which is repeated
seeral times along eat coordinate dimensionto obtain the referenceunit cell. If we form a
diagonalmatrix N . from the number of repetitions of the primitiv e cell alongead dimension,
thena = o N, N = NcNp andM = N:M,, whereN_. is the total number of primitiv e cells
cortained within the unit cell, N, = jN¢j. We usejj to denotea matrix determinart.

Sofar we described an in nite network in Eucledianspacewith no boundary conditions.
In this work we imposeperiodic boundary conditions, that is to say, we focuson deformations
of the network which are periodic with periodicity determinedby the lattice @ . Mathemat-
ically, we wrap the network around a (°at) topologicaltorus de ned with the choice of unit
cell. The readershould keepin mind the important distinction betweenthe in nite struc-
ture which is obtained by periodically repeating the unit cell in Eucledian space(this is
a \univ ersal cover" of the torus in topological jargon), in which deformationsneednot be
periodic, and the nite network on a torus, which is usedto model periodic deformationsof
the in nite network. The remainder of this paper discusseghe network on a torus, unless
otherwiseindicated.

Initially we focus on small (in nitesimal) deformationsof the network from its original
con guration (e.g., ¢ &), howewer, the results are also relevant to large deformations, as
discussedin section 4.2. One can either considera ctional ewlution (time) parameter
t on which all quartities depend and considerdirections of deformation (i.e., in nitesimal
deformations)of the network (for examplede =dt), or considersmall but nite displacemets
(e.g.,¢ &) upto rst order. We chosethe latter simply becausethe notation is simpler and

the presenation clearer,and becausewne wish to avoid referenceso dynamicsof the system.

2.1 Macroscopic Strain

The macroscopicstrain " in a periodic network is related to the deformation of the lattice
¢ o by the relation
"= (¢m)mit (@)



To seethis, note that the deformation of the lattice causesa displacemehn of the lattice point
P (this is a vector of integer lattice coordinates) positionedat rp = aP of

h 3 i
¢Crp=(¢a)P= (¢a) all rp;

which givesthe strain (tensor)

"= (¢r)=(¢a)mit:

Of course, the strain needsto be symmetric, "7 = It turns out that this condition
eliminates rotations of the lattice, since rotations of the lattice produce skewsymmetric
strains. Becauserotations of the lattice belongto the category of trivial motions, which
we will try to eliminate from the onsetin order to simplify later courting, we will usethe
strain " as a variable instead of the deformedlattice (I + ") a. This is only strictly valid
for in nitesimal lattice deformations; nite lattice deformationsin this model are to be
consideredas an integral of in nitesimal deformationswith symmetric strain.

In order to simplify matrix algebralater on, we will needto represen the strain as a
vector b with d(d+ 1)=2 coordinatescortaining only the lower or only the upper triangle of
the strain componerts. How we order the triangle into the vector is immaterial and a matter
of corvertion (e.g., ordering by diagonalsstarting from the main diagonal or ordering by
columns). This ordering establishesa correspndences ~ (p;q) betweencomponen bs and
componert " ,.4 = "4p = bs. The usualconvertion (in three dimensions)is to usethe column

vector of strains 2 3

2" 2;3
2" 13
2"1:

which cortains additional factors of 2 that we omit (seealsosection2.5).



2.1.1 Invariance of the Macroscopic Strain

The unit cell of a periodic systemis not uniquely de ned. For example, one may take a
larger unit cell as the referencecell, i.e., take the lattice to be a sublattice of the original

lattice:

whereN . is a diagonalmatrix with positive integer ertries. Now considera lattice deforma-
tion with periodicity determinedby @ in the primed notation, where¢ a °= (¢ &) N.. The

macroscopicstrain is

3

"O= (¢o)oit=(¢o) NNL! ait=";

l.e., the strain is independert of the exact choice of the unit cell. This is a very important
invariance property which makes our results more physical. We will give an expressionfor

the macroscopicstressin the network later, which also possessethis kind of invariance.

2.2 Elastic Energy

We denoteby fi; j g the bar (arc) connectingjoints (nodes)i andj and appendthe subscript
ij to all quartities assaiated with this bar. The elastic energystoredin the structure is a

sum over the energiesstoredin ead bar:

X
E(r;";r)= Ey [yl (risrys ™)l
fijg
Here we assumea certral-force network in which the energystoredin a bar only dependson
the length of the bar

lij = krijkz krii I +°nijk

and on the activation bar parameter!; (such astemperature, applied voltage, etc.).
The quartity n; appearsbecauseof the periodic nature of the structure and is a vector
giving the number of unit cellsthat the bar fi; j g \crosses"over. If we think of the periodic

network as a graph G embeddedin a °at torus de ned by the lattice =&, the integer data



n is now to be consideredpart of the conbinatorial part of the network, which we will
denotewith G= (G;n), and speci es how the network wraps around the torus, i.e., is part
of the network connectivity information. The enbedding (geometry) part of the problem
speci cation on the other hand is characterizedby the con guration p = (r;=). Therefore,
a periodic network is speci ed with N = (G;p) = [(G;n);(r;=2)]. This isto be comparedto
the usual speci cation of a network embeddedin Euclideanspace,N = (G;r), which lacks
the periodicity information.

We can rewrite the length of bar fi; jg as
lij = krij +(Cryj ¢rj)+ "an; k= krij +T;Cr+ Sij bk ;

h i
where T is a [d£ Nd] matrix (with simple structure) and S isa d£ “%C2 matrix, in

order to emphasizethe linearity of the expressioninside the norm. We will denote by

the unit vector along the current position of the bar fi; jg.
It is easyto seethat uniform translations are alsotrivial (i.e., length-preserving)motions
of the periodic network. To eliminate thesefrom consideration,we will freeze(pin) joint 1

(i.e., ¢ ry = Owill not beincludedin ¢ r), leaving the number of degreesof freedomat

Ni =d(Nj 1)+ @: (2

Therefore,we will take the N -dimensionalvector

as the characterization of the deformation. Any nonzeroin nitesimal ¢ p that does not
changethe bar lengthsis a mechanism of the periodic structure. Notice that there are no

trivial medanismsin this new notation.



2.3 Force Equilibrium

We will usethe notation r , andr , insteadof the more appropriater ¢, andr ¢, to avoid
symbol havoc.
At equilibrium we have energystationarity, i.e., there are no energy-kene cial deforma-

tions to rst order, sothat
r ypE=(r pl)(r [E)=Rf =0

This is just a medanical equilibrium condition. Heref = r |E = n%}‘“'”)o are the
elastic forces(tension or compression)in the bars, and R = r | is the rigidity matrix of
the periodic network. Note that in rigidity theory literature R is usually calledthe rigidity
matrix (in engineeringliterature, R is sometimescalled the compatibility matrix, while RT
is called the equilibrium matrix). It is closelyrelated to the usual rigidity matrix, but with
d(d+ 1)=2 rows appended correspnding to equilibrium with respect to the macroscopic
strains, i.e., to equilibrium of the macroscopicstresses.

Our rst task is to derive the form of this rigidity matrix (since we have a new non-

standard pieceappendedto it). The column of R correspnding to the bar fi; jgis
2 3

Aij
Rj = p(|ij)=§ [ §

The rst pieceof this is the correspnding column of the usual rigidity matrix:

2 3
il Ui

Ay =1 ()= : ;
j! i Ui



and the secondpieceis due to the periodicity of the network:

Li =1 p(li)= 1 p["(®)n] uy;

which in matrix form is 2 3

(S1e ;)" uj
Lij = é . ; 2: (3)

.
Sd(d+1) =2PN i Uj

Here Ss = r y_[" (B)] has nonzeroertries only at positions (p;g) and (q;p) (recall that
s~ (p;q) determined how the vectorization of the upper/lower triangle of " was done to

obtain b). We can alsowrite this in indicial form suitable for computational useas

IV ©

8
(Ly). = i (en i), (ui) g + (oh i )q (Uij ), . @)
' (®ni), (i), ifp=q ’

2.4 Adaptiv e Networks

A network is perfectly adaptive if the lengths of all its bars can be changed (actuated)
independertily of oneanother. Actuation of the barswill inducea commensuratedeformation
of the structure. It is also desirablethat there be a unique deformation correspnding to
every actuation. It is easyto seethat in order for this to be true the rigidity matrix R must
be invertible, sincethe changeof the bar lengths ¢ | (alternatively ¢ | can be thought of as
the rate of bar elongation/cortraction) during a small deformation ¢ p (alternatively joint
velocities) isto rst order
¢l=( ,)'¢p=RT¢p:

This relation is bijective only when R is invertible. We will cometo the sameconclusion

but in a much more generalsetting later on.

2.5 Macroscopic Stress

The condition of medanical equilibrium



Rf =0
reducesto the N d microscopicforce balancesat ead node

fijAj = 0;
fij g

aswell asthe d(d + 1) =2 conditions that there be no macroscopicstresses:

W= = £, =0 5)
%) iy g

Here¥is the vectorizedversionof the upper or lower triangle of the symmetrizedmacroscopic
stress(tensor) ¥, and we normalizedwith the reciprocal unit cell volumej= j in orderto get
the correct units of stress. This is expected sincestressis the strain gradiert of the energy
density, and not of energy To bein agreemehwith standard convertion (which addsfactors
of 2 to the o®-diagonaktrains), oneshouldadd a factor of 1=2 in Eq. (4) for the o®-diagonal
stressesto obtain:

1h [
(Li)s= 5 (ang), (Uy)g+ (an)q (Uy)y

or considera matrix form of the (unsymmetrized) stresstensor

Y= i X fi hu{ (o nij)I : (6)
19 iy g
which more clearly displays the tensor character through the use of the diadic product
ui (anj).

We note that the expressionfor the macroscopicstress(5) is invariant with respect to
choosinga di®eren unit cell asthe referencecell, asit shouldon physical grounds. Howe\er,
this is dixcult to show in generalasn dependsnon-trivially on the choice of the cell, and
we do not give sudh a proof here.

It is important to point out that equivalent results for the macroscopicstressin a force

10



network have appeared elsewhere. Compare (5) to the expressionsfound in Latzel et al.
(2000) (and referencegherein) for the macroscopicstressin a disorderednetwork (recast
into a form more suitable for our presenation):

1 X : T 1 X :

T = T .
V fij |ij Uij uij = — fij Uij r (7)
fiij g2V i2V; j2v

Y=

The secondexpressionn Eq. (7) only involvesmicroscopicforcescrossingthe boundary of a
given reference(averaging) volume V, i.e. only the barsfi;jg2 @ . For a periodic system
it is natural to take the unit cell asthe averagingvolume. Considera bar fi; j g with nonzero
nj . It will appeartwicein the sumin Eq. (7), onceasthe \original* bar with direction uj; ,
and onceas an \image" bar fi%j% with ujgo=j uj andrjo=r;j &n; + lju;. Therefore
the cortribution from this bar to the averagedmacroscopicstressin Eq. (7) is

1 1 :

JQ—Jf” Uu(nu) i - J fij uiju?j-

The rst term in this expressionis idertical to the onein Eq. (6). If we take a large unit

cell, in the spirit of the averagingin Eq. (7), the secondterm will becomenegligible.

2.6 Sti®ness Matrix

Another important matrix describingthe given network is the sti®nhessnatrix, which is the

Hessianof the energywith respect to deformations:

3

H=r 3 E=(r pR)f+R r [Jf :

We now take a crucial simplifying stepvalid for the rest of this paper: The periodic structure

is unloaded and is in equilibrium, i.e.,

sothat we get

H=R r Tf, = RI[(r oI)(r f)]" = RCRT;

11



Yo Ya
@Ejj (“i 1)
@

i

whereC = r ZE = Diag is a diagonal matrix cortaining the individual bar

sti®nessesWe call H the sti®nessmatrix of the network.

3 Actuation

We now consideractivating an unstressednetwork in equilibrium by actuating someof its

bars, i.e., by changing! . Taking the equilibrium condition
r =0

and di®ereniating with respectto ', we get for small actuations

3 3

reiE ¢+ r 2 E ¢p=0

which givesthe deformation ¢ p induced by the actuation ¢ * . If we further simplify
h i
G=r2E=( o) r pE =RE;
n@E.. 1] 0
where€ = r 4 E = Diag W is a diagonal matrix, we get

¢tp=ijH 'RECL: (8)

Equation (8) givesthe souglt-after relation betweenthe actuation and the induced defor-

mation, and assumeghat H is invertible (seesectionb).

3.1 Actuation Energy

Someactivations will not costany energybeyond that neededto induce the actuation ¢ 1,
but others will induce self-stressesn the structure and therefore cost energy The elastic

energystoredin the network dueto the stressesnduced by the actuation is of secondorder

12



in ¢ 1, and is given by
1h i
¢CE = > ¢1T8¢ + ¢r'HEr +¢r'Ge?;

where® = r 21 E = Diag %}Jh) . Using relation (8) this simpli es to

1
E=-¢1"K¢1;
¢ 2¢ ¢t

where
K=€; GTHI'G=€; ERTH! 'RE:

Therefore, any activations ¢ 1 that lie in the null eigenspaceof the matrix K will costno
energyup to secondorder, i.e., they will induce no self-stresse# the network.

In this work we focus on the simplesttype of actuation: One in which the actuation is
achieved by changingthe equilibrium lengths| of the bars (say by heating/cooling them or

applying a voltage), i.e.,

17 |1
wherethe elastic energyis somestrictly corvex function of the length mismatch:
Ej = Ey(ly i Ty):

Furthermore, we assumethat only a subsetof the arcs can be actuated, and we take the
[M £ M] diagonal matrix D = Diagf0 or 1g to be the indicator of which arcs can be acti-
vated: a 1 on the diagonalindicating the arc is active, and a O indicating it is inactive (i.e.,
its length is xed). We denotewith M, the number of active arcs. With thesesimpli cations
we have

€=iCD and€ = C;

which gives
K=C2(i Qc* ©)

13



where
3 ’ .
Q= DC™RT RCRT ' 'RC¥D: (10)

The meaningof the multiplications with D hereis that we are extracting an[M £ Ma] sub-
. >
. . . _ i1 _
matrix Q, correspndingto the rowsand columnsofthe activearcsfrom C12RT RCRT ' ~RC!%2,
We can alsotake the casewhenall arcsare idertical in the senseof their sti®nesseingthe

same,C = cl , to get the simpler expression
3 - 1
Q=DRT RRT ' 'RD: (11)

3.2 Ideal Activ ations

Now we arein a position to clearly state the condition that there exist ideal actuations¢ * ,
i.e., actuations that induce no self-stresses®nd cost no energy: Q must have a honempty
eigenspce of eigenvaluel. To ewvery independert eigervector of Q with eigervalue 1 corre-
sponds an independen ideal actuation.

It may not be obviousthat Q will ever have eigervaluesl. Howewer, noticethat if D = 1|,
l.e., if all arcs are active, then all eigervaluesof Q are all 1 or 0. The \bad" eigervalues
0 corresnd to actuations in the null-spaceof R, i.e., to self-stressesof the network. All
the other eigervaluesof unity are\good" eigervalues. This is a very intuitiv e result: If the
lengthsof the bars are changedalonga direction that is a self-stressof the network, then this
will induce no useful deformation, ¢ p = 0, but it will induce the correspnding self-stress
and store elastic energyin the network. Otherwise, the actuation of the bar lengths will
produce a deformation and cost no energy

The main point to get acrossis that Q usually haseigervaluesl, even whennot all arcs
are active. This meansthat in most networks it is possibleto changethe lengths of only
a smal subsetof the bars, in a coordinated manner (i.e., not independen of one another),
while not changingthe length of the other bars. To our knowledge,this crucial obsenation

has heretoforenot beenmade.
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3.3 Isostatic Unit Cells

The best case,i.e., the most adaptive network, is obtained when R is invertible. In other
words, the unit cell is isostatic, or kinematically and statically determinate. Howeer, note
that this does not meanthat the in nite lattice network is also isostatic (this important

point will be discussedater). When R is invertible we have that

Q = D? or equivalertly Q, = | ;

which meansthat the lengths of all of the active arcs can be changedperiodically indepen-
dently without a®ectingthe lengths of the other bars, i.e., without inducing stresses.

This occursin the caseof nite isostatic structures. Howewer, here we are considering
in nite periodic networks in which the actuation is also periodic, i.e., the lengthsof all the
image arcs of a given active arc are changel in unison. This is the main di®erencefrom
having an in nite network in Euclidean spacethat is isostatic, in which casethe length
of any of the arcs can be changedindependerily of all other arcs. Therefore, we will say
isostatic unit cell and not isostatic structure. The real structure we have in mind is an
in nite structure madeby repeating the unit cell periodically.

The expressiongivenin the previoussectionssimplify considerablywhenR is invertible.
In particular, the relation between actuation (bar elongations)and deformation (induced

strain and joint displacemets) is unique and invertible and given by

R'¢p=D¢2: (12)

The rest of this paper assumeR isinvertible, and alsothat isostaticity is a generic property,
l.e., it is determined primarily by G [seeGraver et al. (1991) for details], and not by the
particular con guration p. That isostaticity is a genericproperty for networks on a deforming
torus hasnot yet beenrigorously provento our knowledge. Our assumptionis that the unit

cell of the adaptive periodic framework under considerationis generially isostatic.
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4 Adaptiv e Periodic Networks

The main goal of this work is to nd an in nite repetitive network which can be deformed
uniformly in an arbitrary manner just by actuating a small subsetof the barsin ead unit
cell. Sincethere ared(d+ 1)=2 independert strains, we needat leastthis many active bars.
The only requiremen is that actuating ead active arc inducesa nonzerostrain, and that
the strains induced by actuating di®erern active arcsbe linearly independen. If this is the
casethen we can achieveany strain by combining the individual actuations aacordingly.

In mathematical terms, what we needis the submatrix formed from the last d (d + 1) =2
rowsof R T, and a basisB (R) for it (i.e., d(d+ 1)=2 columnswhich are linearly indepen-
den): " 4

: dd+ 1 .
B(R)=R'T last % rows, active arcscolums : (13)

Choosing the arcs correspnding to these columns as the active arcs gives us an in nite

perfectly adaptive network. Any desiredstrain b can be achieved by using the actuation
¢1,= ¢ activearcs= [B (R)I' B:

4.1 The Bitriangular Lattice

We have constructeda simple exampleof a rigid (de ned in the cortext of in nite structures
more precisely later) two-dimensionallattice whoseunit cell is isostatic as de ned above,
and identi ed 3 arcs suitable to be usedfor actuation. In doing so, we looked for periodic
subneworks of the triangular lattice whoseunit cell consistsof 2£ 2 = 4 unit cells of the
triangular lattice. Sincethere are n = 4 joints per unit cell in sud a unit cell, there need
to be 9 barsin an isostatic unit cell, and so 3 bars needto be removed from the 12 bars
presen in the original triangular lattice. We found that removing three bars forming a
(small) triangle producesa lattice which is rigid and whoseunit cell is isostatic, and we call
this the bitriangular lattice, sinceit is composedof two kinds of triangles (small and large).

For this lattice, it turns out that actuating any of the 3 bars forming the (remaining)
smalltriangle doesnot produceany lattice deformation(global strain). Therefore,oneshould

actuate 3 of the 6 bars bounding the larger triangle. We choseto usethe 3 odd (or even)

16



arcs as actuators, as shavn in Figure 1.

bars are active.

Therefore,in this examplelattice onethird of the

Actuating ead of the 3 active arcsproducesan independen global uniform strain. Figure

2 shaws one of these (equivalent) independen actuation modes. By combining these3 de-

formations one can achieve any uniform strain in the in nite lattice. Animations illustrating

how to uniformly shrink or expandthe structure, i.e., achieve

2 3

=8t 01,

are showvn on the authors' website.

4.2 Large Deformations

0 j1

The mathematics above was concernedwith in nitesimal deformations. Howeer, it should

be stressedthat an adaptive periodic network (with a generically isostatic unit cell and

appropriately chosend(d+ 1)=2 active arcs) can be nitely uniformly deformed without

storing energy To dothis, anordinary di®ererial equation(ODE) systemneedso be solved.

Assumewe want to achieve a time-dependen rate of strain d" (t) =dt, which integrated over

time givesthe desireddeformation. This can be doneby employing the (coordinated) time-

dependen actuation * _ (t), which can be found as a solution to the ODE system (with the

appropriate initial conditions)

dt . (t)
dt
da (1)
dt
dr (t)
dt

fB[R (t)g * %; (14)
ORI

o v (15)
B[R (1)) F o). (16)

dt

Here B (R) denotesthe submatrix of Ri Tcorrespnding to the joint degreesof freedomand

the active arcs:

B(R)=R!T[rst (N

i 1)d rows, active arcscolums]:

17



We stressthe fact that in Eqgs.(14)-(16) the rigidity matrix R (t) is also time-dependen,
sinceit dependson the current con guration. Solvingthis ODE systemtells us both how to
actuate the active arcsand how the network deformsin time.

We illustrate such an ideal nite actuation with the bitriangular lattice by solving the
above ODE to adhieve a large deformation in which we shrink the unit cell by 25% also
make it into a square(from the original rhomboidal unit cell, asillustrated in Figure 3) and

shawing the result in Figure 4.

5 Rigidit y of the Adaptiv e Network

This paper is concernedwith the deformability of in nite periodic networks. Oneimportant
assumption made throughout this is that the structure has no medanisms (°exes), i.e.,
deformations ¢ p which changeno bar lengths. This is a very important property for an
adaptive structure, sinceit provides for uniquenessof the relationship between actuation
and induced deformation. It is customary in rigidity theory to simply call sud a °ex-free
structure a rigid framework It may be better in the cortext of real applicationsto usethe
term sti® framework A sti® structure for us is one which can support a given set of loads
without too large of a deformation, de ned in an application speci c cortext.

In the above analysis, the assumptionthat H is invertible was basedon the rigidity of
the unit cell. Howewer, here we are really consideringrigidity of the in nite network. What
exactly doesrigidity meanin the cortext of in nite structures? It appearsthat this hasnot
beencarefully investigated. It is not necessarythat the sameconceptof rigidity be extended
from nite to in nite structures, but rather, to understand what are the relevant mathe-
matical idealizationsfor modeling real large periodic trusses. Note that for the bitriangular
lattice truss we can shav analytically that it is (in nitesimally) rigid for all choicesof unit
cell. We do not reproducethis argumert due to Robert Connelly here.

The mathematical framework which we beliewe is suitable for analysingin nite (i.e., very
large) repetitiv e networks is the following:

Take a primitiv e lattice @ , for the periodic network andthe °at torus that this lattice de nes.

Now considerrigidity of the framework on this torus. This meanslooking at deformations
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which have a repetition (period) of oneunit cell plus deformationsof the lattice. Notice that
this is only a very small subsetof all the possibledeformationsof the in nite network, which
neednot be periodic at all. Then take a sublattice of the primitiv e lattice, @ = & ;N¢, N
integer, and the larger torus that it de nesand considerrigidit y of the network on this torus.
It should be obvious that many of the properties depend on N.. Here N, canin a sense
be viewed as the \w avelength" at which the repetitive framework is analysed. A related
novel systematic analysisis brie°y explainedin Hutchinson et al., and consistsof looking
for \canonical" °exes, which can be thought of as the Fourier componerts of the °exes of
a repetitive structure. A similar procedure can be applied when the lattice is allowed to
deform and also when the self-stresse®f a structure are considered,but further discussion

is postponedfor future work.

5.1 Determinacy of In nite Periodic Networks

In this subsection,we revisit the subject of isostaticity of in nite periodic networks, from
the perspective of the above model of rigidity on an enlargingtorus. We arrive to the same
conclusionas Guest and Hutchinson (2002): It is not possibleto make an isostatic in nite
periodic structure. Howewer, our argumeris useperiodic boundary conditions.

For simplicity, we will focuson two dimensions,but the resultsapply aswell to arbitrary
spacedimensions. Referringto Eq. (2), in order for a network on a torus with lattice & to

be isostatic it must be that
M=2(Nj 1)+ 3= 2N + 1; a7)
whereasbeforeN > 1 is the number of nodesin the unit celland M is the number of bars

per unit cell. It isthe extra +1 that is of greatimportancein Eq.(17). Now considera larger
torus, with a lattice @ °= aN .. When wrapped around this torus the network has
MP= NcM = 2NN + N> 2NN + 1= 2N°%+ 1;

where N; = jNj is the number of unit cells tting in the larger torus. Therefore, on the
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larger torus the network necessarilyis overbraced,i.e., it must have self-stressesThis also
meansthat it is possiblefor the in nite network to be suzciently constrainedand have no
periodic medanismsif its primitiv e cell is isostatic, aswith the bitriangular lattice.

The essencef this argumert is that courting equilibrium is not maintained as di®eren
tori are considered.If the network hasno small-period (short-wavelength) medanisms(i.e.,
it isrigid on a smalltorus), then it must have self-stressesf larger period (long-wavelength).
If the network hasno self-stressesn a large torus, it must have shorter-period medanisms.
It shouldbe evidert that any medanism/self-stresscan be replicated in nitely many times
to produce a medanism/self-stressof the in nite structure, i.e., of the periodic network

wrapped around an in nite torus.

6 Future Directions

There are many directions along which future researt can be based. The basic question
to consideris how applicable this work is to adiieving arbitrary deformationsin in nite
adaptive structures. It is clearthat whenthe strain is non-uniform there will be someself-
stressesnducedduring actuation and thereforezeroenergystorageis not possible. Howewer,
an expansionanalysisis neededto determine how the expandedactuation energy depends
on the (small) strain gradiert.

Moreover, the simple analysisgivenin this work consideredn nite structures. How does
“niteness a®ectthe deformability of repetitive structures? If the correctionsinduced by
‘nite size are too large, they may compound together to completely overwhelm the rst-
order terms and thus make the proposedactuation medanism unusable. Both numerical
and analytical studiesof non-uniformly deformed nite, but large, structures would thus be
an obvious next step.

Another line of researt to be pursuedis to nd the \b est" isostatic unit cells. Basedon
the analysiswe have given, there is no criterion beyond isostaticity and sti®nesgo consider
whenchoosingamongdi®eren lattices. Someof the higher-ordercorrectionsdiscussedbove
may be the guiding principle in choosing between candidate lattices. Additionally, we did

assumean unloaded structure. In a real application an adaptive structure would be used
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to move loads. Are there higher-order correctionsunder global loading which di®ererniate
betweeendi®eren lattices? If yes,is this load-speci ¢ or are somelattices universally better?
Hutchinson et al. (2002) point to other desirablequalities of the lattice structure, sud as
isotropic sti®nessand high budkling and isotropic in-plane yield strength, and shav that a
structure like the Kagomelattice, which doesnot have an isostatic unit cell, is very e®ectie
in the context of adaptive structures. A comparisonbetweenthis lattice and the bitriangular

lattice in a practical setting might be a usefulfuture project.
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Figure 1: The unit cell of the bitriangular framework. The 4 joints in the unit cell are shavn
as circles, while the 9 bars in the unit cell are shovn with a solid line. The 3 active arcs
are shovn with thicker lines, and the periodic imagesof the arcswith non-zeron. are also
shovn with dashedlines.

Figure 2: An activation mode of the bitriangular framework The gure shaws the defor-
mation induced in the framework as one of the active bars is elongatedby ¢| = ® asa
sequencef time frameswith t = 0; ¢ t; 2¢ t; 3¢ t for somearbitrarily scaled¢ t and ®, in the
sequence:upper left, upper right, lower left, lower right. The correspnding deformations
when ead of the remaining 2 active arcsare actuated can be predicted from symmetry con-
siderations. Note that we assumein nitesimal deformationsbut shav a larger deformation
for visualization purposes,which explains why someof the non-actuated bars also change
their length (to secondorder).

Figure 3: A nite deformation of the bitriangular lattice. A large deformation of the the
unit cell of the bitriangular lattice is shavn using the lattice vectors. The original vectors
are shavn with a solid line, while the nal onesare shovn with a dashedline. During
this deformation, the unit cell shrinks and becomesa square. We ensurethat the lattice
doesnot rotate sothat it is possibleto achieve this deformation by integrating a symmetric
(time-dependen) strain rate.

Figure 4: Achievingthe deformation from Figure 3. This sequencef time frames(asin Fig.
2) shownvs how one can adiieve a global uniform deformation of the bitriangular structure
during which the unit cell shrinks and becomessquareby only actuating the 3 active arcs.
Notice that the inactive arcs do not changelength and therefore this actuation does not
store any elastic energy The mathematicsusedto produce this illustration is given in the
ODE systemof Egs.(14)-(16).
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Figure 1: Donev, Torquato
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Figure 2: Donev, Torquato
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Figure 3: Donev, Torquato
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